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CLASSIFICATION OF MINIMAL LORENTZ SURFACES IN
INDEFINITE SPACE FORMS WITH ARBITRARY
CODIMENSION AND ARBITRARY INDEX
BANG-YEN CHEN
Abstract. Since J. L. Lagrange initiated in [18] the study of minimal
surfaces of Euclidean 3-space in 1760, minimal surfaces in real space
forms have been studied extensively by many mathematicians during
the last two and half centuries. In contrast, so far very few results on
minimal Lorentz surfaces in indefinite space forms are known. Hence, in
this paper we investigate minimal Lorentz surfaces in arbitrary indefinite
space forms. As a consequence, we obtain several classification results
for minimal Lorentz surfaces in indefinite space forms. In particular, we
completely classify all minimal Lorentz surfaces in a pseudo-Euclidean
space Ems with arbitrary dimension m and arbitrary index s.
1. Introduction.
Let Ems denote the pseudo-Euclidean m-space with the canonical metric
of index s given by
g0 = −
∑s
i=1
dx2i +
∑m
j=s+1
dx2j ,(1.1)
where (x1, . . . , xm) is a rectangular coordinate system of E
m
s . The light cone
LC of Em+1s is defined by LC = {x ∈ Em+1s : 〈x,x〉 = 0}.
We put
Sks (c) = {x ∈ Ek+1s | 〈x, x〉 = c−1 > 0},(1.2)
Hks (−c) = {x ∈ Ek+1s+1 | 〈x, x〉 = −c−1 < 0},(1.3)
where 〈 , 〉 denotes the indefinite inner product on Ek+1t . The Sks (c) and
Hks (−c) are complete pseudo-Riemannian manifolds with index s and of
constant curvature c and −c, respectively.
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The Sks (c) and H
k
s (−c) are called pseudo k-sphere and pseudo hyperbolic
k-space, respectively. The pseudo-Riemannian manifolds Eks , S
k
s and H
k
s
are known as the indefinite space forms. In particular, Ek1 , S
k
1 and H
k
1 are
called Minkowski, de Sitter and anti-de Sitter spacetimes, which play very
important roles in relativity theory.
The history of minimal surfaces goes back to J. L. Lagrange (1736-1813)
who initiated in 1760 the study of minimal surfaces in Euclidean 3-space
(see [18]). Since then minimal surfaces have attracted many mathematician.
In particular, minimal surfaces in real space forms have been studied very
extensively during the last two and half centuries (see, [4, pages 207–249]
and [21, 23] for details).
In [24, 25], L. Verstraelen and M. Pieters studied some families of Lorentz
surfaces in 4-dimensional indefinite space forms with index 2. Recently,
parallel Lorentz surfaces in indefinite space forms with arbitrary codimension
and arbitrary index were completely classified in a series of articles [8]-[14]
(see also [1, 15, 16, 19]). Moreover, Lorentz surfaces with parallel mean
curvature vector in an arbitrary pseudo-Euclidean space were classified in
[7] (see also [17]). Further, minimal Lorentz surfaces in Lorentzian complex
space forms M˜21 (c) with complex index one were investigated in [5, 6].
In this paper, we study minimal Lorentz surfaces in indefinite space forms
Rms (c) with arbitrary codimension and arbitrary index s. In particular,
we completely classify minimal Lorentz surfaces in an arbitrary pseudo-
Euclidean space in section 4. In section 5, we classify minimal Lorentz
surfaces of constant curvature one in an arbitrary pseudo m-sphere Sms (1).
The classification of minimal Lorentz surfaces of constant curvature −1 in
a pseudo-hyperbolic m-space Hms (−1) are obtained in section 6. In the last
two sections, we provide many explicit examples of minimal Lorentz surfaces
in Sms (1) and in H
m
s (−1).
2. Basics formulas, equations and definitions.
Let Rms (c) be anm-dimensional indefinite space form of constant sectional
curvature c and with index s. The curvature tensor of Rms (c) is given by
R˜(X,Y )Z = c{〈Y,Z〉X − 〈X,Z〉Y }.(2.1)
Let ψ :M21 → Rms (c) be an isometric immersion of a Lorentz surface M21
into Rms (c). Denote by ∇ and ∇˜ the Levi-Civita connections on M21 and
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R˜ms (c), respectively. Let X,Y be vector fields tangent to M
2
1 and ξ normal
to M21 in R
m
s (c). The formulas of Gauss and Weingarten are given by (cf.
[2, 3, 22]):
∇˜XY = ∇XY + h(X,Y ),(2.2)
∇˜Xξ = −AξX +DXξ.(2.3)
These formulas define h, A and D, which are called the second fundamental
form, the shape operator and the normal connection, respectively.
For each normal vector ξ ∈ T⊥x M21 , the shape operator Aξ at ξ is a
symmetric endomorphism of the tangent space TxM
2
1 , x ∈ M21 . The shape
operator and the second fundamental form are related by
〈h(X,Y ), ξ〉 = 〈AξX,Y 〉 .(2.4)
The mean curvature vector H of M21 in R
m
s (c) is defined by
H =
1
2
traceh.(2.5)
A Lorentz surface in an indefinite space form is called totally geodesic if its
second fundamental form vanishes identically. It is called minimal if its
mean curvature vector vanishes identically.
The equations of Gauss, Codazzi and Ricci are given respectively by
R(X,Y )Z = c{〈Y,Z〉X − 〈X,Z〉Y }+Ah(Y,Z)X −Ah(X,Z)Y,(2.6)
(∇Xh)(Y,Z) = (∇Y h)(X,Z),(2.7) 〈
RD(X,Y )ξ, η
〉
= 〈[Aξ, Aη]X,Y 〉 ,(2.8)
for vector fields X,Y,Z tangent toM21 , ξ normal toM
2
1 , where ∇h is defined
by
(2.9) (∇Xh)(Y,Z) = DXh(Y,Z)− h(∇XY,Z)− h(Y,∇XZ),
and RD is the curvature tensor associated to the normal connection D, i.e.,
RD(X,Y )ξ = DXDY ξ −DYDXξ −D[X,Y ]ξ.(2.10)
A vector v in Rms (c) is called spacelike (respectively, timelike, or light-
like) if 〈v, v〉 > 0 (respectively, 〈v, v〉 < 0, or 〈v, v〉 = 0 and v 6= 0). A curve
z(x) in Rms (c) is called spacelike (respectively, timelike or null) if its velocity
vector z′(x) is spacelike (respectively, timelike or lightlike) at each point.
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3. A special coordinate system on a Lorentz surface.
Let M21 be a Lorentz surface. We may choose a local coordinate system
{x, y} on M21 such that the metric tensor is given by
g = −E2(x, y)(dx ⊗ dy + dy ⊗ dx)(3.1)
for some positive function E.
The Levi-Civita connection of g satisfies
∇ ∂
∂x
∂
∂x
=
2Ex
E
∂
∂x
, ∇ ∂
∂x
∂
∂y
= 0, ∇ ∂
∂y
∂
∂y
=
2Ey
E
∂
∂y
(3.2)
and the Gaussian curvature K is given by
K =
2EExy − 2ExEy
E4
.(3.3)
If we put
e1 =
1
E
∂
∂x
, e2 =
1
E
∂
∂y
,(3.4)
then {e1, e2} forms a pseudo-orthonormal frame satisfying
〈e1, e1〉 = 〈e2, e2〉 = 0, 〈e1, e2〉 = −1.(3.5)
We define the connection 1-form ω by the following equations:
∇Xe1 = ω(X)e1, ∇Xe2 = −ω(X)e2.(3.6)
From (3.2) and (3.4) we find
(3.7)
∇e1e1 =
Ex
E2
e1, ∇e2e1 = −
Ey
E2
e1,
∇e1e2 = −
Ex
E2
e2, ∇e2e2 =
Ey
E2
e2.
By comparing (3.6) and (3.7), we get
ω(e1) =
Ex
E2
, ω(e2) = −Ey
E2
.(3.8)
Let ψ :M21 → Rms (c) be an isometric immersion of M21 into Rms (c). Then
it follows from (2.5) and (3.5) that the mean curvature vector ofM21 is given
by
H = −h(e1, e2).(3.9)
Therefore, M21 is a minimal surface of R
m
s (c) if and only if h(e1, e2) = 0
holds identically.
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4. Minimal Lorentz surfaces in Ems .
In this section, we completely classify minimal Lorentz surface in an arbi-
trary pseudo-Euclideanm-space Ems . More precisely, we prove the following.
Theorem 4.1. A Lorentz surface in a pseudo-Euclidean m-space Ems is
minimal if and only if locally the immersion takes the form L(x, y) = z(x)+
w(y), where z and w are null curves satisfying 〈z′(x), w′(y)〉 6= 0.
Proof. Let L : M21 → Ems be an isometric immersion of a Lorentz surface
M21 into a pseudo-Euclidean m-space E
m
s with index s ≥ 1. We choose a
local coordinate system {x, y} on M21 satisfying
g = −E2(x, y)(dx ⊗ dy + dy ⊗ dx)(4.1)
Then we have (3.2)-(3.9).
If M21 is a minimal surface, it follows from (3.9) that h(e1, e2) = 0 holds.
Hence, we may put
h(e1, e1) = ξ, h(e1, e2) = 0, h(e2, e2) = η(4.2)
for some normal vector fields ξ, η. After applying (2.2), (3.2), (3.4), and
(4.2), we obtain
(4.3) Lxx =
2Ex
E
Lx + E
2ξ, Lxy = 0, Lyy =
2Ey
E
Ly + E
2η.
After solving the second equation in (4.3), we find
L(x, y) = z(x) + w(y)(4.4)
for some vector-valued functions z(x), w(y). Thus, by applying (3.1) and
(4.4), we obtain 〈z′, z′〉 = 〈w′, w′〉 = 0, and 〈z′, w′〉 = −E2. Therefore, z and
w are null curves satisfying 〈z′, w′〉 6= 0.
Conversely, if L :M21 → Ems is an immersion of a Lorentz surface M21 into
E
4
s such that L = z(x)+w(y) for some null curves z, w satisfying 〈z′, w′〉 6= 0,
then we obtain 〈Lx, Lx〉 = 〈Ly, Ly〉 = 0, 〈Lx, Ly〉 6= 0, and Lxy = 0. Thus,
M21 is surface with induced metric given by g = F (x, y)(dx⊗ dy + dy ⊗ dx)
for some nonzero function F . Moreover, it follows from (3.9) and Lxy = 0
that L is a minimal immersion. 
Remark 4.1. Flat minimal Lorentz surfaces in the Lorentzian complex plane
C21 have been completely classified in [5]. Moreover, if m = 3, this theorem
is due to [20, Theorem 3.5].
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In particular, if M21 is a flat Lorentz surface, we have the following.
Corollary 4.1. A flat Lorentz surface in a pseudo-Euclidean m-space Ems
is minimal if and only if locally the immersion takes the form
L(x, y) = z(x) + w(y),(4.5)
where z and w are null curves satisfying 〈z′, w′〉 = constant 6= 0.
Proof. Let L :M21 → Ems be an isometric immersion of a flat Lorentz surface
M21 into a pseudo-Euclidean m-space E
m
s . Then we may choose a local
coordinate system {x, y} on M21 satisfying
g = −(dx⊗ dy + dy ⊗ dx)(4.6)
Then we find from (4.3) that the immersion L satisfies
Lxx = ξ, Lxy = 0, Lyy = η(4.7)
for some normal vector fields ξ, η. After solving the second equation in (4.7)
we find
L(x, y) = z(x) + w(y)(4.8)
for some vector functions z, w. Thus, by applying (4.6), we find 〈z′, z′〉 =
〈w′, w′〉 = 0 and 〈z′, w′〉 = −1. Consequently, z and w are null curves
satisfying 〈z′, w′〉 = constant 6= 0.
Conversely, consider a map L defined by L(x, y) = z(x) + w(y), where z
and w are null curves satisfying 〈z′, w′〉 = constant 6= 0 . Then we have
〈Lx, Lx〉 = 〈Ly, Ly〉 = 0, 〈Lx, Ly〉 = constant 6= 0.
Thus, with respect to the induced metric, (4.5) defines an isometric im-
mersion of a flat Lorentz surface M21 into E
m
s . The remaining follows from
Theorem 4.1. 
5. Minimal Lorentz surfaces in Sms (1).
Let ψ :M21 → Sms (1) be an isometric immersion of a Lorentz surface into
Sms (1). Denote by L = ι ◦ ψ : M21 → Em+1s the composition of ψ and the
inclusion ι : Sms (1) ⊂ Em+1s via (1.2).
Obviously, every totally geodesic Lorentz surface in an indefinite space
form Rms (c) is of constant curvature c. A natural question is the following:
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Question. Besides totally geodesic ones how many minimal Lorentz sur-
faces of constant curvature c in Rms (c) are there ?
Theorem 5.1 of [5] provides the answer to this basic question for c = 0.
In this section, we give an answer to this question for c > 0. More
precisely, we classify all minimal Lorentz surfaces of constant curvature one
in the pseudo-sphere Sms (1) with arbitrary m and arbitrary index s.
Theorem 5.1. LetM21 be a Lorentz surface of constant curvature one. Then
an isometric immersion ψ : M21 → Sms (1) is minimal if and only if one of
the following three cases occurs:
(a) M21 is an open portion of a totally geodesic S
2
1(1) ⊂ Sms (1).
(b) The immersion L = ι ◦ ψ :M21 → Sms (1) ⊂ Em+1s is locally given by
L(x, y) =
z(x)
x+ y
− z
′(x)
2
,(5.1)
where z(x) is a spacelike curve with constant speed 2 lying in the light cone
LC satisfying 〈z′′, z′′〉 = 0 and z′′′ 6= 0.
(c) The immersion L = ι ◦ ψ :M21 → Sms (1) ⊂ Em+1s is locally given by
L(x, y) =
z(x) +w(y)
x+ y
− z
′(x) + w′(y)
2
,(5.2)
where z and w are curves in Em+1s satisfying〈
z(x) + w(y)
x+ y
− z
′(x) + w′(y)
2
,
z(x) + w(y)
x+ y
− z
′(x) + w′(y)
2
〉
= 1,(c.1)
2
〈
z + w, z′′′
〉
= (x+ y)
〈
z′ + w′, z′′′
〉
,(c.2)
2
〈
z + w,w′′′
〉
= (x+ y)
〈
z′ + w′, w′′′
〉
.(c.3)
Proof. Assume that ψ :M21 → Sms (1) is an isometric immersion of a Lorentz
surface M21 of constant curvature one into S
m
s (1). If M
2
1 is totally geodesic
in Sms (1), we obtain case (a). Hence, let us assume that M
2
1 is non-totally
geodesic in Sms (1).
Since M21 is of constant curvature one, we may choose local coordinates
{x, y} such that the metric tensor is given by
g =
−2
(x+ y)2
(dx⊗ dy + dy ⊗ dx).(5.3)
Hence the Levi-Civita connection satisfies
∇ ∂
∂x
∂
∂x
=
−2
x+ y
∂
∂x
, ∇ ∂
∂x
∂
∂y
= 0, ∇ ∂
∂y
∂
∂y
=
−2
x+ y
∂
∂y
.(5.4)
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Let us put
∂
∂x
=
√
2e1
x+ y
,
∂
∂y
=
√
2e2
x+ y
.(5.5)
Then we get
〈e1, e1〉 = 〈e2, e2〉 = 0, 〈e1, e2〉 = −1.(5.6)
BecauseM21 is minimal in S
m
s (1), it follows from (3.9) and (5.3) that h(e1, e2) =
0. Hence, we may put
h(e1, e1) = ξ, h(e1, e2) = 0, h(e2, e2) = η(5.7)
for some normal vector fields ξ, η. Without loss of generality, we may assume
ξ 6= 0. Since K = 1, it follows from the equation (2.6) of Gauss and (5.3)
that 〈ξ, η〉 = 0.
Case (i): η = 0. From formula (2.2) of Gauss, (5.3)-(5.5), and (5.7), we get
(5.8) Lxx =
2ξ
(x+ y)2
− 2Lx
x+ y
, Lxy =
2L
(x+ y)2
, Lyy = − 2Ly
x+ y
.
After solving the last two equations in (5.8) we obtain
L(x, y) =
z(x)
x+ y
− z
′(x)
2
(5.9)
for some Em+1s -valued function z(x). Since the metric tensor is given by
(5.3), one finds
〈Lx, Lx〉 = 〈Ly, Ly〉 = 0 and 〈Lx, Ly〉 = − 2
(x+ y)2
.
Thus, it follows from (5.8), (5.9) and 〈L,L〉 = 1 that z(x) satisfies
〈z, z〉 = 〈z′′, z′′〉 = 0 and 〈z′, z′〉 = 4.
Moreover, by substituting (5.9) into the first equation (5.8) we find
ξ = −(x+ y)
2z′′′(x)
4
.(5.10)
Combining this with ξ 6= 0 gives z′′′(x) 6= 0. Consequently, we obtain case
(b).
Conversely, suppose that L is given by (5.1), where z(x) is a spacelike
curve with constant speed 2 lying in the light cone LC ⊂ Em+1s satisfying
〈z′′, z′′〉 = 0 and z′′′ 6= 0. Then L satisfies (5.9) with ξ given by (5.10). From
the assumption, we have
〈z, z〉 = 〈z, z′〉 = 〈z′′, z′′〉 = 0, 〈z′, z′〉 = − 〈z, z′′〉 = 4.(5.11)
MINIMAL LORENTZ SURFACES IN INDEFINITE SPACE FORMS 9
By using (5.9) and (5.11) we know that 〈L,L〉 = 1 and the induced metric
tensor is given by (5.3). Moreover, the second equation in (5.8) shows that
the second fundamental form of ψ satisfies h( ∂
∂x
, ∂
∂y
) = 0. Consequently, the
immersion ψ is a minimal immersion.
Case (ii): η 6= 0. After applying formula (2.2) of Gauss, (5.3)-(5.5), and
(5.7), we obtain
(5.12)
Lxx =
2ξ
(x+ y)2
− 2Lx
x+ y
, Lxy =
2L
(x+ y)2
, Lyy =
2η
(x+ y)2
− 2Ly
x+ y
.
The compatibility conditions of (5.12) are given by
∇˜ ∂
∂y
ξ =
2ξ
x+ y
, ∇˜ ∂
∂x
η =
2η
x+ y
.(5.13)
Solving (5.13) gives
ξ = (x+ y)2A(x), η = (x+ y)2B(y)(5.14)
for some Em+1s -valued functions A(x), B(y). Substituting (5.14) into (5.12)
yields
(5.15) Lxx = A(x)− 2Lx
x+ y
, Lxy =
2L
(x+ y)2
, Lyy = B(y)− 2Ly
x+ y
.
After solving system (5.15), we obtain
L(x, y) =
z(x) +w(y)
x+ y
− z
′(x) + w′(y)
2
,(5.16)
where z(x), w(y) are Em+1s -valued functions satisfying
z′′′(x) = −4A(x), w′′′(y) = −4B(y).(5.17)
From 〈L,L〉 = 1 and (5.16), we obtain condition (c.1) in Theorem 5.1.
By combining (5.15) and (5.17), we obtain
(5.18) Lxx = −z
′′′
4
− 2Lx
x+ y
, Lxy =
2L
(x+ y)2
, Lyy = −w
′′′(y)
4
− 2Ly
x+ y
.
Since the metric tensor of M21 is given by (5.3), we find
〈Lx, Lx〉 = 〈Ly, Ly〉 = 0, 〈Lx, Ly〉 = − 2
(x+ y)2
.(5.19)
Because 〈L,L〉 = 1, we have 〈Lxx, L〉 = −〈Lx, Lx〉 = 0. Thus, we obtain
condition (c.2) from (5.16), (5.18) and (5.19)
Similarly, due to 〈Lyy, L〉 = −〈Ly, Ly〉 = 0, we may also derive condition
(c.3) from (5.16) and (5.18).
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Conversely, assume that L is defined by
L(x, y) =
z(x) +w(y)
x+ y
− z
′(x) + w′(y)
2
,(5.20)
where z(x), w(y) are curves satisfying conditions (c1), (c.2) and (c.3). Then
it follows from (5.20) that L satisfies system (5.18). Also, it follows from
(5.20) and condition (c.1) that 〈L,L〉 = 1. Thus, we have
〈L,Lx〉 = 〈L,Ly〉 = 0,(5.21)
which implies that
〈Lx, Lx〉 = −〈L,Lxx〉 , 〈Lx, Ly〉 = −〈L,Lxy〉 , 〈Ly, Ly〉 = −〈L,Lyy〉 .
(5.22)
By applying (5.22), (c.1) and the first equation in (5.22), we obtain
〈Lx, Lx〉 = −〈L,Lxx〉 = 2
(x+ y)2
〈Lx, Lx〉 ,(5.23)
which shows that 〈Lx, Lx〉 = 0.
Similarly, from (5.22) and (c.3) we find 〈Ly, Ly〉 = 0. Also, after applying
(c.1), (5.22) and the second equation in (5.18), we find 〈Lx, Ly〉 = −2/(x+
y)2. Consequently, the induced metric tensor via L is given by (5.3). Finally,
it follows from (3.9) and the second equation in (5.18) that ψ :M21 → Sms (1)
is a minimal immersion. 
6. Minimal Lorentz surfaces in Hms (−1).
Let ψ : M21 → Hms (−1) be an isometric immersion of a Lorentz surface
into Hms (−1). Denote by L = ι ◦ ψ :M21 → Em+1s+1 the composition of ψ and
the inclusion ι : Hms (−1) ⊂ Em+1s+1 via (1.2).
In this section, we provide the following answer to the basic question
proposed in section 5 for c < 0.
Theorem 6.1. LetM21 be a Lorentz surface of constant Gauss curvature −1.
Then an isometric immersion ψ : M21 → Hms (−1) is a minimal immersion
if and only if one of the following three cases occurs:
(i) M21 is an open portion of a totally geodesic H
2
1 (−1) ⊂ Hms (−1).
(ii) The immersion L = ι ◦ ψ :M21 → Hms (−1) ⊂ Em+1s+1 is locally given by
L(x, y) = z(x) tanh
(
x+ y√
2
)
− z
′(x)√
2
,(6.1)
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where z(x) is a timelike curve with constant speed
√
2 lying in the light cone
LC ⊂ Em+1s+1 satisfying 〈z′′, z′′〉 = 4 and z′′′ 6= 2z′.
(iii) The immersion L = ι ◦ ψ :M21 → Hms (−1) ⊂ Em+1s+1 is locally given by
L(x, y) = (z(x) + w(y)) tanh
(
x+ y
√
2
)
− z
′(x)+w′(y)√
2
,(6.2)
where z and w are curves satisfying
〈
(z + w) tanh
(
x+ y
√
2
)
− z
′ + w′
√
2
, (z + w) tanh
(
x+ y
√
2
)
− z
′ + w′
√
2
〉
= −1,
(iii.1)
√
2
〈
z + w, 2z′ − z′′′〉 tanh(x+ y√
2
)
=
〈
z′ + w′, 2z′ − z′′′〉 ,
(iii.2)
√
2
〈
z + w, 2w′ −w′′′〉 tanh(x+ y√
2
)
=
〈
z′ + w′, 2w′ − w′′′〉 .
(iii.3)
Proof. Assume that ψ : M21 → Hms (−1) is an isometric immersion of a
Lorentz surface M21 of constant curvature −1 into Hms (−1). If M is totally
geodesic in Hms (−1), we obtain (i). Hence, let us assume that M21 is non-
totally geodesic.
SinceM21 is assumed to be of constant curvature −1, we may choose local
coordinates {x, y} such that the metric tensor is given by
g = − sech2
(
x+ y√
2
)
(dx⊗ dy + dy ⊗ dx).(6.3)
Hence, the Levi-Civita connection satisfies
(6.4)
∇ ∂
∂x
∂
∂x
= −
√
2 tanh
(
x+ y√
2
)
∂
∂x
,
∇ ∂
∂x
∂
∂y
= 0,
∇ ∂
∂y
∂
∂y
= −
√
2 tanh
(
x+ y√
2
)
∂
∂y
.
Let us put
∂
∂x
= sech
(
x+ y√
2
)
e1,
∂
∂y
= sech
(
x+ y√
2
)
e2.(6.5)
Then we get
〈e1, e1〉 = 〈e2, e2〉 = 0, 〈e1, e2〉 = −1.(6.6)
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Because M21 is minimal, it follows from (3.9) and (6.3) that h(e1, e2) = 0
holds. Hence, we may put
h(e1, e1) = ξ, h(e1, e2) = 0, h(e2, e2) = η(6.7)
for some normal vector fields ξ, η. Without loss of generality, we may assume
ξ 6= 0. Since M21 is of curvature −1, the equation of Gauss and (6.7) imply
that 〈ξ, η〉 = 0.
Case (i): η = 0. By applying formula (2.2) of Gauss, (6.3)-(6.5), and (6.7),
we obtain
(6.8)
Lxx = sech
2
(
x+ y√
2
)
ξ −
√
2 tanh
(
x+ y√
2
)
Lx,
Lxy = − sech2
(
x+ y√
2
)
L,
Lyy = −
√
2 tanh
(
x+ y√
2
)
Ly.
After solving the last two equations in (6.8) we have
L(x, y) = z(x) tanh
(
x+ y√
2
)
− z
′(x)√
2
(6.9)
for some Em+1s+1 -valued function z. It follows from (6.3), (6.8), (6.9) and
〈L,L〉 = −1 that z(x) satisfies 〈z, z〉 = 0, 〈z′, z′〉 = −2, and 〈z′′, z′′〉 = 4.
Moreover, substituting (6.9) into the first equation (6.8) yields
ξ =
(√
2z′(x)− z
′′′(x)√
2
)
cosh
(
x+ y√
2
)
.(6.10)
Combining this with ξ 6= 0 gives z′′′(x) 6= 2z′(x). Consequently, we obtain
(ii).
Conversely, suppose that L is given by (6.2), where z(x) is a timelike curve
with constant speed
√
2 lying in the light cone LC satisfying 〈z′′, z′′〉 = 4
and z′′′ 6= 2z′. Then, L satisfies (6.8) with ξ given by (6.10). Moreover, from
the assumption, we have
〈z, z〉 = 〈z, z′〉 = 0, 〈z, z′′〉 = − 〈z′, z′〉 = 2, 〈z′′, z′′〉 = 4.(6.11)
Hence, we know from (6.9) and (6.11) that the induced metric tensor is given
by (6.3). Consequently, we see from (6.8) that the second fundamental form
of ψ satisfies h( ∂
∂x
, ∂
∂y
) = 0. Therefore, the immersion ψ is minimal.
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Case (ii): η 6= 0. By applying formula (2.2) of Gauss, (6.3)-(6.5) and (6.7),
we obtain
(6.12)
Lxx = sech
2
(
x+ y√
2
)
ξ −
√
2 tanh
(
x+ y√
2
)
Lx,
Lxy = − sech2
(
x+ y√
2
)
L,
Lyy = sech
2
(
x+ y√
2
)
η −
√
2 tanh
(
x+ y√
2
)
Ly.
The compatibility conditions of (6.12) are given by
∇˜ ∂
∂y
ξ =
√
2ξ tanh
(
x+ y√
2
)
, ∇˜ ∂
∂x
η =
√
2η tanh
(
x+ y√
2
)
.(6.13)
Solving (6.13) gives
ξ = A(x) cosh2
(
x+ y√
2
)
, η = B(y) cosh2
(
x+ y√
2
)
for some Em+1s -valued functions A(x), B(y) satisfying 〈A,B〉 = 0. Substi-
tuting these into (6.12) yields
(6.14)
Lxx = A(x)−
√
2 tanh
(
x+ y√
2
)
Lx,
Lxy = − sech2
(
x+ y√
2
)
L,
Lyy = B(y)−
√
2 tanh
(
x+ y√
2
)
Ly.
After solving system (6.14) we obtain
L(x, y) = (z(x) + w(y)) tanh
(
x+ y√
2
)
− z
′(x) + w′(y)√
2
,(6.15)
A(x) =
√
2z′(x)− z
′′′(x)√
2
, B(y) =
√
2w′(y)− w
′′′(y)√
2
(6.16)
for some Em+1s -valued functions z, w. From (6.15) and 〈L,L〉 = −1, we
obtain condition (iii.1) of the theorem.
After differentiating (6.15) we get
(6.17)
Lx = z
′(x) tanh
(
x+ y√
2
)
+
z(x) + w(y)√
2
sech2
(
x+ y√
2
)
− z
′′(x)√
2
,
Ly = w
′(y) tanh
(
x+ y√
2
)
+
z(x) + w(y)√
2
sech2
(
x+ y√
2
)
− w
′′(y)√
2
.
Since the metric tensor of M21 is given by (6.3), we find
〈Lx, Lx〉 = 〈Ly, Ly〉 = 0, 〈Lx, Ly〉 = − sech2
(
x+ y√
2
)
.(6.18)
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From (6.14) and (6.16), we obtain
(6.19)
Lxx =
√
2z′(x)− z
′′′(x)√
2
−
√
2 tanh
(
x+ y√
2
)
Lx,
Lxy = − sech2
(
x+ y√
2
)
L,
Lyy =
√
2w′(y)− w
′′′(y)√
2
−
√
2 tanh
(
x+ y√
2
)
Ly.
Because 〈L,L〉 = −1, we have 〈Lxx, L〉 = −〈Lx, Lx〉 = 0. Thus, we derive
from (6.18) and (6.19) that
√
2
〈
z + w, 2z′ − z′′′〉 tanh(x+ y√
2
)
=
〈
z′ + w′, 2z′ − z′′′〉 .(6.20)
Similarly, from 〈Lyy, L〉 = −〈Ly, Ly〉 = 0, we have
√
2
〈
z + w, 2w′ − w′′′〉 tanh(x+ y√
2
)
=
〈
z′ + w′, 2w′ − w′′′〉 .(6.21)
These give conditions (iii.2) and (iii.3). Therefore, we obtain case (iii).
Conversely, if L is given by (6.2) such that z(x), w(y) satisfy conditions
(iii.1), (iii.2) and (iii.3), then we know from (6.2) that L satisfies (6.19).
Also, it follows from (6.2) and (iii.1) that 〈L,L〉 = −1. Thus, we have
〈L,Lx〉 = 〈L,Ly〉 = 0,(6.22)
which implies that
〈Lx, Lx〉 = −〈L,Lxx〉 , 〈Lx, Ly〉 = −〈L,Lxy〉 , 〈Ly, Ly〉 = −〈L,Lyy〉 .
(6.23)
By applying (6.19), (iii.1) and the first equation in (6.23), we obtain
〈Lx, Lx〉 = −〈L,Lxx〉 =
√
2 tanh
(
x+ y√
2
)
〈Lx, Lx〉 ,(6.24)
which yields 〈Lx, Lx〉 = 0. Similarly, from (6.19) and (iii.3) we find 〈Ly, Ly〉 =
0. Also, after applying (iii.1), (6.19) and the second equation in (6.23), we
obtain 〈Lx, Ly〉 = − sech2(x+y√
2
). Consequently, the induced metric tensor
via L is given by (6.3). Therefore, it follows from (3.9) and the second
equation in (6.19) that the immersion ψ :M21 → Hms (−1) is minimal. 
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7. Explicit examples of minimal Lorentz surfaces in Sms (1).
There exist infinitely many spacelike curves with constant speed 2 lying
in the light cone LC ⊂ Em+1s satisfying 〈z′′, z′′〉 = 0 and z′′′ 6= 0.
Example 7.1. Consider the curve z = z(x) in E73 defined by
z(x) =
(
a cosh px,
√
4r2 + a2p2(p2 − r2)
q
√
r2 − q2
cosh qx,
√
4q2 + a2p2(p2 − q2)
r
√
r2 − q2
sinh rx,
a sinh px,
√
4r2 + a2p2(p2 − r2)
q
√
r2 − q2
sinh qx,
√
4q2 + a2p2(p2 − q2)
r
√
r2 − q2
cosh rx,
√
4(q2 + r2) + a2(p2 − r2)(p2 − q2)
qr
)
,
where a, p, q, r are real numbers satisfying p > r > q > 0. It is easy to
verify that z is a spacelike curve of constant speed 2 lying in LC satisfying
〈z′′, z′′〉 = 0, z′′′ 6= 0.
It is direct to verify that the immersion defined by
L(x, y) =
z(x)
x+ y
− z
′(x)
2
gives rise to minimal Lorentz surfaces of constant curvature one in S63(1).
Thus, there exist infinitely many minimal Lorentz surfaces of type (b) of
Theorem 5.1.
There exist infinitely many pairs (z, w) of curves satisfying conditions
(c.1), (c.2) and (c.3) of Theorem 5.1. Here we provide some examples of
such pairs.
Example 7.2. Let p, q, r be positive numbers satisfying
315
4
p2 > 80 + 189r2 − 64q2 > 35p2.
16 B.-Y. CHEN
Consider curves z(x) and w(y) in E146 defined by
z(x) =
(√
256q2 + 369r2
4
√
15
cosh 2x,
√
16q2 + 609r2
4
√
15
sinh 4x, r cosh 5x, 0, 0, 0,
√
256q2 + 369r2
4
√
15
sinh 2x,
√
16q2 + 609r2
4
√
15
cosh 4x, r sinh 5x, 0, 0, 0, q, 0
)
,
w(y) =
(
0, 0, 0, p cosh
(
3y
2
)
,
√
320 + 225p2 + 756r2 − 256q2
8
√
15
sinh 2y,
√
315p2 + 1024q2 − 3024r2 − 1280
4
√
15
sinh y, 0, 0, 0, p sinh
(
3y
2
)
,
√
320 + 225p2 + 756r2 − 256q2
8
√
15
cosh 2y,
√
315p2 + 1024q2 − 3024r2 − 1280
4
√
15
cosh y,
0,
√
320 + 756r2 − 35p2 − 256q2
8
)
.
Then z, w are constant speed curves lying in the light cone LC ⊂ E146 satis-
fying
〈
z′, z′
〉
=
64q2 − 189r2
20
,
〈
w′, w′
〉
=
80 + 189r2 − 64q2
20
,
〈z, w〉 = 〈z, z′′′〉 = 〈z′, z′′′〉 = 〈z′′, z′′〉 = 〈w,w′′′〉 = 〈w′, w′′′〉 = 〈w′′, w′′〉 = 0.
Moreover, it is easy to see that conditions (c.1), (c.2) and (c.3) are satisfied.
It is straightforward to verify that the immersion:
L(x, y) =
z(x) + w(y)
x+ y
− z
′(x) + w′(y)
2
via (z, w) defines a minimal Lorentz surface of constant curvature one in
S136 (1).
8. Explicit examples of minimal Lorentz surfaces in Hms (−1).
There exist infinitely many timelike curves with constant speed
√
2 lying
in the light cone LC ⊂ Em+1s+1 satisfying 〈z′′, z′′〉 = 4 and z′′′ 6= 2z′.
Example 8.1. Let a, b, p, q be positive numbers satisfying
p2 <
4 + a2
2 + a2
< q2 and b2 >
a2(q2 − 1)(1− p2) + 2(p2 + q2 − 2)
p2q2
.
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Consider the curve z = z(x) in E84 defined by
z(x) =
(
b, a cosh x,
√
q2(2 + a2)− (4 + a2)
p
√
q2 − p2
sinh px,
√
4 + a2 − p2(2 + a2)
q
√
q2 − p2
sinh qx,
a sinh px,
√
q2(2 + a2)− (4 + a2)
p
√
q2 − p2
cosh px,
√
4 + a2 − p2(2 + a2)
q
√
q2 − p2
cosh qx
√
b2p2q2 − a2(q2 − 1)(1− p2)− 2(p2 + q2 − 2)
pq
)
.
It is easy to see that z is curve lying in LC satisfying 〈z′, z′〉 = −2, 〈z′′, z′′〉 =
4 and z′′′ 6= 2z′. A direct computation shows that
L(x, y) = z(x) tanh
(
x+ y√
2
)
− z
′(x)√
2
,
defines a minimal Lorentz surfaces of constant curvature −1 in H73 (−1).
Hence, there exist infinitely many minimal Lorentz surfaces of type (ii) of
Theorem 6.1.
There are many pairs (z, w) of curves satisfying conditions (iii.1)-(iii.3)
of Theorem 6.1. Here we provide infinitely many examples of such pair of
curves.
Example 8.2. Let a, b, p, q, r, s be positive numbers satisfying
(8.1)
a, b < 1, p, q, r, s > 1, p2 <
1
1− b2 < q
2, r2 <
1
1− a2 < s
2,
b2 <
p2 + q2 − 2
p2q2
, a2 <
r2 + s2 − 2
r2s2
.
Consider curves z(x) and w(y) in E148 defined by
z(x) =
(
b,
√
p2 + q2 − b2p2q2 − 2
√
(p2 − 1)(q2 − 1)
coshx,
√
1− p2(1− b2)
√
(q2 − p2)(q2 − 1)
sinh qx,
√
q2(1− b2)− 1
√
(q2 − p2)(p2 − 1)
sinh px, 0, 0, 0, 0,
√
p2 + q2 − b2p2q2 − 2
√
(p2 − 1)(q2 − 1)
sinhx,
√
1− p2(1− b2)
√
(q2 − p2)(q2 − 1)
cosh qx,
√
q2(1− b2)− 1
√
(q2 − p2)(p2 − 1)
cosh px, 0, 0, 0
)
,
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w(y) =
(
0, 0, 0, 0, a,
√
r2 + s2 − a2r2s2 − 2
√
(r2 − 1)(s2 − 1)
cosh y,
√
1− r2(1− a2)
√
(s2 − r2)(s2 − 1)
sinh sy,
√
s2(1− a2)− 1
√
(s2 − r2)(r2 − 1)
sinh ry, 0, 0, 0,
√
r2 + s2 − a2r2s2 − 2
√
(r2 − 1)(s2 − 1)
sinh y,
√
1− r2(1− a2)
√
(s2 − r2)(s2 − 1)
cosh qy,
√
s2(1− a2)− 1
√
(s2 − r2)(r2 − 1)
cosh py
)
.
It is easy to verify that z and w satisfy conditions (iii.1), (iii.2) and (iii.3).
The associated map
L(x, y) = (z(x) + w(y)) tanh
(
x+ y
√
2
)
− z
′(x)+w′(y)√
2
defines a minimal Lorentz surface of constant curvature −1 in H137 (−1).
Remark 8.1. There exist many positive numbers a, b, p, q, r, s satisfying the
conditions given in (8.1). For instance, a = b = 1/
√
2, p = r = 1.1 and
q = s = 1.5 satisfy all conditions given in (8.1).
References
[1] C. Blomstrom, Symmetric immersions in pseudo-Riemannian space forms, Global
Differential Geometry and Global Analysis, 30–45, Lecture Notes in Math. 1156,
Springer, Berlin, 1985.
[2] B.-Y. Chen, Geometry of Submanifolds, Mercer Dekker, New York, 1973.
[3] B.-Y. Chen, Total Mean Curvature and Submanifolds of Finite Type, World Scien-
tific, New Jersey, 1984.
[4] B.-Y. Chen, Riemannian submanifolds, Handbook of Differential Geometry, Vol. I,
187–418, North-Holland, Amsterdam, 2000 (eds. F. Dillen and L. Verstraelen).
[5] B.-Y. Chen, Minimal flat Lorentzian surfaces in Lorentzian complex space forms,
Publ. Math. Debrecen 73 (2008), 233–248.
[6] B.-Y. Chen, Nonlinear Klein-Gordon equations and Lorentzian minimal surfaces in
Lorentzian complex space forms, Taiwanese J. Math. 13 (2009), 1–24.
[7] B.-Y. Chen, Complete classification of Lorentz surfaces with parallel mean curvature
vector in arbitrary pseudo-Euclidean space, Kyushu J. Math. 64 (2010), 261–279.
[8] B.-Y. Chen, Complete classification of parallel spatial surfaces in pseudo-Riemannian
space forms with arbitrary index and dimension, J. Geom. Phys. 60 (2010) 260–280.
[9] B.-Y. Chen, Complete classification of parallel Lorentz surfaces in 4D neutral pseudo-
sphere, J. Math. Phys. 51 (2010), no. 8, 083518, 22 pages.
[10] B.-Y. Chen, Complete classification of parallel Lorentz surfaces in neutral pseudo
hyperbolic 4-space, Cent. Eur. J. Math. 8 (2010), 706–734.
[11] B.-Y. Chen, Explicit classification of parallel Lorentz surfaces in 4D indefinite space
forms with index 3, Bull. Inst. Math. Acad. Sinica (N.S.) 5 (2010), 311–345.
MINIMAL LORENTZ SURFACES IN INDEFINITE SPACE FORMS 19
[12] B.-Y. Chen, Complete explicit classification of parallel Lorentz surfaces in arbitrary
pseudo-Euclidean space, J. Geom. Phys. 60 (2010), 1333–1351.
[13] B.-Y. Chen, F. Dillen and J. Van der Veken, Complete classification of parallel
Lorentzian surfaces in Lorentzian complex space forms, Intern. J. Math. 21 (2010),
665–686.
[14] B.-Y. Chen and J. Van der Veken, Complete classification of parallel surfaces in
4-dimensional Lorentzian space forms, Tohoku Math. J. 61 (2009), 1–40.
[15] L. K. Graves, On codimension one isometric immersions between indefinite space
forms, Tsukuba J. Math. 3 (1979), 17–29.
[16] L. K. Graves, Codimension one isometric immersions between Lorentz spaces, Trans.
Amer. Math. Soc. 252 (1979), 367–392.
[17] Y. Fu and Z. H. Hou, Classification of Lorentzian surfaces with parallel mean curva-
ture vector in pseudo-Euclidean spaces, J. Math. Anal. Appl. 371 (2010), 25–40.
[18] J. L. Lagrange, Essai d’une nouvelle me´thode pour de´terminer les maxima et les
minima des formules inte´grales inde´finies, Miscellanea Taurinensia, 2 (1760), 173–
195.
[19] M. A. Magid, Isometric immersions of Lorentz space with parallel second fundamental
forms, Tsukuba J. Math. 8 (1984), 31–54.
[20] L. V. McNertney, One-parameter families of surfaces with constant curvature in
Lorentz 3-space, Ph.D. Thesis, Brown Univ., 1980.
[21] J. Nitsche, Lectures on Minimal Surfaces, Cambridge Univ. Press, Cambridge, 1989.
[22] B. O’Neill, Semi-Riemannian Geometry with Applications to Relativity, Academic
Press, New York, 1982.
[23] R. Osserman, A Survey of Minimal Surfaces, Van Nostrand, New York, 1969.
[24] L. Verstraelen and M. Pieters, Some immersions of Lorentz surfaces into a pseudo-
Riemannian space of constant curvature and of signature (2, 2), Rev. Roumaine Math.
Pures Appl. 19 (1974), 107–115.
[25] L. Verstraelen and M. Pieters, Some immersions of Lorentz surfaces into a pseudo-
Riemannian space of constant curvature and of signature (2, 2), Rev. Roumaine Math.
Pures Appl. 21 (1976), 593–600.
Department of Mathematics, Michigan State University, East Lansing, MI
48824, U.S.A.
E-mail address: bychen@math.msu.edu
